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ON THE ANALYTICAL THEORY OF THE CONIC. 


[From the Philosophical Transactions of the Royal Society of London, vol cuit. (for the 
year 1862), pp. 639—662. Received May 8,—Read May 15, 1862.] 


THE decomposition into its linear factors of a decomposable quadric function cannot 
be effected in a symmetrical manner otherwise than by formule containing super- 
numerary arbitrary quantities; thus, for a binary quadric (which of course is always 
decomposable) we have 


1 / IERE ESO / / 
(a, b, co, yy — TECE CAP. Prod. {(a, b, cæ, y¥a’, y) + Vac — b (ey —a'y)) ; 


or the expression for a linear factor is 


1 7 SUNAN 
Wa b ep X» {(a, b, cha, yQa’, y) Vac — b (ay — x'y)}, 


which involves the arbitrary quantities (4', y. And this appears to be the reason why, 
in the analytical theory of the conie, the questions which involve the decomposition of 
.& decomposable ternary quadric have been little or scarcely at all considered: thus, for 
instance, the expressions for the coordinates of the points of intersection of a conic by a 
line (or say the line-equations of the two ineunts), and the equations for the tangents 
(separate each from the other) drawn from a given ‘point not on the conic, do not 
appear to have been obtained. These questions depend on the decomposition of a 
decomposable ternary quadrie, which decomposition itself depends on that for the simplest 
case, when the quadric is a perfect square. Or we may say that in the first instance 
they depend on the transformation of a given quadric function U —(*(jz, y, z} into the 
form W?+V, where W is a linear function, given save as to a constant factor (that is, 
W —0 is the equation of a given line), and V is a decomposable quadric function, which 
is ultimately decomposed into its linear factors, = QR, so that we have U= W*-- QR. 


50—2 
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The formula for this purpose, which is exhibited in the eight different forms I, II, III, 
IV, I(bis) II (bis), III (bis), IV (bis) is the analytical basis of the whole theory; and 
the greater part of the memoir relates to the establishment of these forms. 


The solution of the geometrical questions above referred to is (as shown in the 
memoir) involved in and given immediately by these forms. It is also shown that the 
formule are greatly simplified in the case eg. of tangents drawn to a conic from a 
point in a conic having double contact with the first-mentioned conie, and that in this 
case they lead to the linear Automorphie Transformation of the ternary quadric. The 
memoir concludes with some formule relating to the case of two conics, which however 
is treated of in only a cursory manner. | 


Article Nos. 1—17, relating to a single conic. 
1. The point-equation of the conic is 
(a, b, c, f, 9, hie, y, e —0, 
‘which expresses that the point (v, y, z) is an ineunt of the conic. 


The line-equation of the same conic is 


&£ m €|=0, 
£j a h, g 
n h, b, f 
69 fc 


or putting 
(A, B, C, F, G, H) 2 (bc —f?, ca — g, ab — à, gh — af, hf — bg, fg — ch), 


the line-equation is 


(A, B, C, F, G, HVE, 7); £y =0, 


which expresses that the line (£, 7, £) (that is, the line the point-equation whereof is 
fe +ny+z=0) is a tangent of the conic. We are thus in the analytical theory of the 
conie concerned with the quadrics (a, b, c, f, g, hýæ, y, zy and (A, B, C, F, G, HVE, n, £y, 
which are the characteristics or nilfactums of these equations respectively. 


2. I put also 
Kz|a hg 
h, b f, 
9 fc 


or, what is the same thing, 
K = abe — af? — bg? — ch? + 2fgh. 
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3. It may be convenient to notice that when (a,.. (v, y, z} breaks up into factors, 
the conic the equation whereof is (a,.. (jv, y, 2) — 0, becomes a pair of lines; and that 
when (a,..{a, y, 2} is a perfect square, the conic becomes a pair of coincident lines, 
or say a twofold line. But a pair of lines, distinct or coincident, cannot be represented 
by a line-equation, The analytical formule presently given show that in the former 
case (A,.. ÝE, n, £ is the square of a linear function, which equated to zero gives the 
line-equation of the point of intersection of the two lines, or node of the conic; and 
the equation (A,..%&, n, E) =0 accordingly represents such point considered as a pair 
of coincident points, or say a twofold point. But in the latter case, where the conic 
is a twofold line, (A,..¥& n, 5) is identically equal to zero, and the line-equation 
(A,..W&, n, 6=0 is a mere identity 0=0, thus ceasing to have any signification at 
all. And the like remarks apply to the conic as represented by the line-equation 
(A,..0& n, &)?=0, the conic here breaking up into a pair of distinct or coincident 
points, &c. 


4. lt is proper to remark also that 


(à,.. dw, V^, 2 o, 9, 2) 20 
is the equation of the polar of the point (4', y’, 2’) in regard to the conic, and that 
(4... NE, v, OVE, n, 2) =0 


is the line-equation of the pole of the line (£', 7’, £^; or, what is the same thing, the 
point-coordinates of the pole are 


AE + Hy - GU : HE + By + FC : GE + Fy + CE. 
5. 'The inverse matrix is 


(ah gyS-p(4, H, 6); 


h, b, E H, B D 
Q5 9 CEN UR 
but it is convenient to disregard the factor a and speak of (A, B, C, F, G, H) as 


the inverse or reciprocal coefficients. The equation just written down implies the 
relations Aa+Hh+Gg=K, Ah-- Hb -- G£f—0, &c, which may be arranged in two 
different ways as a system of nine equations. 


6. We have also 
(BC — FP», CA- G, AB— H*, GH — AF, HF — BG, FG —CH)- K (a, b, c, f, g, h), 


and 
ABC—APFP*—BG» —CH?+ 2FGH = E, 


which are well-known theorems. 
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7. I notice also the theorem 
(a,.. o, y, 2). (a,.. Vu, y, £y —[(o,.. Vo, y, zum, y, 2)F 
—(4,.. (yz — yz, za! — Zu, ey — ay; 


which is much used in the sequel: it may be mentioned, in passing, that this is 
included in the more general theorem 


(a,.. Xm, y, zl, m, n), (a,.. Xm, y^, Üh m, n) | 
(a,.. Va, y, XV, m, m), (a,.. Ua’, y, e XL m, n) 
=(A,.. yz —y'z, 2a — zm, ay —a'ylmn — mn, nl' wl, lm' — lm), 


which is at once deducible from 
Ll + Mm -- Nn, Ll -- M'm 4- N'n 
| Ll + Mm/ -- Nw, Ll + M'm' +N’ 
—(MN' — M'N) (m — mn) + (NL — N L) (nl — wl) + (LM' — L'M) (Im —Um), 


by writing therein 
| (L, M, N)-(az +hy + gz, hz +by -fz, gx +fy t cz), 
(L, M', N^) 2 (aa +hy +92, hæ +by -- fZ, ga’ --fy -- cz). 
8. Suppose now that 
(a, b, c; fig, hea, y, £y 
breaks up into factors, or say that we have 
(a, b, c, f, g, AYa, y, 2} — 2 (ax + By +yz) («x+ By + y2), 
the values of the coefficients (a,..) then are 
(a, b, c, f, g, h) =(2aa’, 288’, 2yy', By! + B's, yt 4 y'a, B + LB), 
and forming from these the inverse coefficients (A,..) and the discriminant K, we find 
(A, B, C, F, G, H)- — (By — B'y, yd — y'a, aB' — «By. 
4 10 


9. The last-mentioned equation, K =0, is the condition in order that (a,.. iz, y, 2} 


may break up into factors; and when it does so, we have 
(A,.. XE, n D - —[(By' — By, yd- y'a, ap’ — «BUE, v, DT, 


that is, (a,.. ja, y, 2)? breaking up into factors, (A,.. é, n, £F is a perfect square; and 
equating it to zero, we have 


(By — By, ya — y'a, a8’ —« BYE, n, HP=0; 


which, (£, 7, £) being line-coordinates, gives (as a two-fold point) the point of intersection 
of the lines (a, B, y), (a, 8’, y^), that is, the lines az + 9y -- yz — 0, aa 4- B'y -- »y'z — 0. 
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10. If(a,.. ýx, y, z} is a perfect square, then a’: 8' : y'—a: 8:*y; whence not only, 
as before, K=0, but the coefficients (A, B, C, F, G, H) all vanish (this implies the 
first-mentioned condition, K —0); and the line-equation (A,.. YE, n, £9 — 0 becomes the 
mere identity 0=0. 


11. Conversely if K —0, then (a,.. Ya, y, 2? breaks up inío factors; and if 
(A, B, C, F, G, H) all vanish, then (a,.. Ya, y, z? is a perfect square. The conclusions 
stated ante, No. 3, are thus sustained. 


12. I assume, first, that (a,.. Yæ, y, z} is a perfect square (No. 13); and secondly, 
that it breaks up into factors (No. 14); and I proceed to inquire how in the one 
ease the root, and in the other case the factors, can be determined in a symmetrical 
form. 


13. Considering the before-mentioned identical equation 


(a, . Xa, y, z}. (a, o, y^ zy ila, m y, zu y. 2’)P=(4,. yz — ya za — 2a, xy —ayy, 
if (a,.. a, y, z} is a perfect square, then by what precedes, the right-hand side of 
the equation vanishes, and we have 


»_ LCA ue y, aha’, y, id 
(a,.. Ya, y, 2) COE y AF 


and the root of (a,.. Yæ, y, z)? is thus seen to be 

NC LZ y. AEA, y; z’) 
" Na.. ha, y, ZY 
an expression which involves the quantities (4', y, 2), the values whereof may be 
assumed at pleasure without altering the value of the expression. For instance, assuming 


for (a^, y', 2’) the values (1, 0, 0), (0, 1, 0), (0, 0, 1) successively, the different values of 
the expression are 


? 


ac -- hy + gz ha + by + fz gu + fy toe 
Va Vb Vc 


But if, as assumed, (a,.. Yæ, y, z} be a perfect square = (az + By -- yz), then 
(a, b, C, a 9, h)- (d, Bg, y, By, ya, af), 


and each of the foregoing values becomes equal to the root ag + By +yz. It is some- 
what singular that it is not possible to obtain symmetrical formule without employing 
in this manner supernumerary arbitrary quantities such as (4, y’, 2’). 


l4. Next, if (a, ...Qa, y, 2), instead of being a perfect square, only breaks up 
into factors, then in the foregoing identical equation the right-hand side is a perfect 
Square, and by the formula just obtained its value is 


KA.. UX, Y, Züyz —y'z, 20’ — zia, «y t-49r 
Qf zy 
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where (X, Y, Z) are supernumerary arbitrary quantities. The identical equation then 
gives 

sý 1 [(A,.. LX, Y, Z yz —y 2, 2a’ —7'o, ATON 
(0, nem @ pr gy ler Mane 2 P+ A, XX, Y, ZY 


and consequently 


(a, . Ya, UP zy = Guy ry Product of 


Sans (4, .. X, Y, Züy7 - yz, za! — za, ME 
$t 3 > > ? zZ —— — 734 OS ae E. b] 
(e RO, Yr ARM 9, 2) V—(A,.. XX, Y, Zy 


a formula which exhibits the decomposition of (a,..%#, y, z} assumed to be a 
function which breaks up into factors; the formula contains the two sets of super- 
numerary arbitrary quantities (4^, y, 2’) and (X, Y, Z) It will be remembered that 
(A,..) denotes the system of inverse or reciprocal coefficients (bc— f*, . . ). 


15. Consider the formula 
(a, b, c, f, g, hunt —«» 6 CE — CE, En — PnP = (a, b, c f, g, bE, v, €Y, 


whieh gives 
a= op +00 = 2fne, 


b= af +08 —29t£, 

c= bE + an? — 2hén, 

f =— anf — f£ + g£n + h£G, 

g ——btE + f£n — gw + hng, 

h —— cn +f&+ gnt — he; 
and from these we deduce 

a, h, g VE n, 6) «(0, 0, 0), 
f 


(6 


s 


? 


g 


mc] 


viz. a£ -- hg - g£ — 0, &c. 
Also 
(be —f?, ca —g?, ab—h?*, gh—af, hf— bg, fg —ch) —(£, n, Er CA BO, ff, G; HOS DS 


that is 
be —f? = &(A, B, C, FP, G, AYE, n, £y, &e. 


Hence also 
(be—f?,.. Xl, m, n} = (IE mn  n£Y (A. . VE, n, EP, 
(be — f$ . . XL, m, nl’, m, m) — (IE-- mm E n£) (CE - m +b) (4,.. VE m, £y; 


and moreover 


and 


abe — af? — bg* — ch? + 2fgh = 0. 
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16. The last equation shows that (ag,.. Yne —-«€ EE — gE £y — Eny, considered 
as a function of (&, 7’, ¢’), breaks up into factors. Or since the expression is not 
altered by interchanging (£', 7’, £&') and (£, y, £), the same expression, considered as a 
function of (E, n, £) breaks up into factors. It is in fact easy to see that any quantic 
whatever, (« (nf —5 6, GE — C£, £y — £2)", considered as a function of (E, n, £), breaks up 
into linear factors; for in virtue of the equation £' (nf — 4£) + n (££ — CE) +E (En — E'n) = 0, 
any one of the quantities f’— 7’, C£ —C£, £y — £y can be expressed as a linear 
function of the other two; so that the quantie can be expressed as a linear function of 
any two of the three quantities; and quà homogeneous function of two quantities, it 
of course breaks up into factors, linear functions of these two quantities. 


We may in all the formulz interchange (4^, y’, 2’) and (a, y, z), writing (a’, b’, c', f, g', h’) 
in the place of (a, b, c, f, g, h). 


17. Putting, in like manner, 
(A, B, C, FG, Hyg — yz, zv —2'x, wy’ —a'yy 
— (QL B, © F, ©, Hie’, y, zy, 


so that 
Y= Cy + Be —2Fyz, 
B= A2 + Ce? —2Gez, 
C= Bæ + Ay —2Hzy, 
8$ =—Ayz— Fa? + Gay + Hze, 
© = — Ber + Fay — Gy? + Hys, 
H =— Cy + Fea+ Gyz — H2, 
we obtain 
(9L $, © Qa, y, 2) - (0, 0, 0), 
$ 9, 8. 
G $, G| 
viz. 
As + Hy + Gz — 0, &c. 
Also 


(BE- F, CA- G, AV- H, GH — AF, HE — BG, HG — GG) 
= (a, ds ze kK (eG o0, ^w Aba, y, 2»; 
that is 
BC — 8$ — a? K (a, b, c, f, g ha, y, zy, &e.; 
whence also 
(BG — 82, .. YA, w, v = (àx + uy + vz}. K (a, .. Vo, y, 2), 
(8G — 85. . Yr, m VÄN, w, v) = Qa uy v2) Qo t wy +z). K (a, .. do, y, zy; 


and moreover ^ PES 
ABC — AF — BG? — CH? + 285 = 0. 
C. IV. 51 
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The last equation shows that (A,.. yz —y'z, za —z'a, «y —a'y, considered as a 
function of (a, y, z), breaks up into factors, or (what is the same thing) this 
expression, considered as a function of (xz, y, 2), breaks up into factors; we may in all 
the formule interchange (a, y, z) and (a’, y, 2’), writing (W, Y, C, Y, G', H’) in the 
place of (A, B, C, $$, ©, H). 


Article Nos. 18 to 28, relating to a single conic in connexion with a point or line. 


18. I apply the decomposition formula to the function (A,.. (yz —yz,..)*, which, 
considered as a function of (a, y, z), breaks up into factors. We have 


(A,.. yz —yz,.. P -(9,.. a, y, 2 


CANI ND Product of 


; (B'E —$82,.. mz —ny,.. V, p, v) 
i DN Nt) he oam umm de 


But we have 
(QU,. . Yl, m, ny —(A,.. (mz —ny’,..), 
(W... Ul, m, nýs, y, 2) 5 (A,.. mz —ny,.. Vy? —y7...), 
(B'E — §2,.. Ymz—ny,.. V, p, v) 
— [a (mz — ny) + y' (na — lz) + 2’ (ly — ma)] Qe + py’ +027) K (a,.. Vu, y, ZY, 
(B'E —§2,.. YA, a v? — Que + uy + vzy K (a,.. Vw, y, £y, 


and thence 


(Du = 6). anro HEN. 


V-C -F.n m vy ty, 2 | N-K (ns a, y, 2, 


d L4 , 


5:29. 7 
l 


, m, mn 


whence we have 


i 1 
uuu Ep ii dhe 9 ety fo ec Product of 


(A,.. Xmz —ny’,.. Qye —y2.. )t|o, y, z 4 — K (a,.. a, y, 2y; 


and the identical equation 


(a,.. Ya, y, zp.(a,.. Ga’, y', £y —((a;.. um, y, £o ,-y, £)P —(A,.. yg —'2,..» 
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now gives 
(a,.. Qa, y, z} —Quotient by (a,.. Yæ, y', 7) of ) 


[(a,.. a, y, zov, y, 2) 
+ Quotient by (4,.. (mz' —ny',..) of Product 


L l(4..Xmz-ny...Xy/ —y2.)£|o, y, z VK. X7, y, 2»), 
g, y. 4 
| t, m, n 
where the Product part may also be written 


(à, ... 0 , m, nUa’, y, 2).(a,.. Ua, y, züe , y, 2’) 
— (a, ...Gm', y, zy C 9a, y, 200, m, m) 


t4—K(a..dm,y,zp|v. y. 2 
a’, y, g 
UT min 


19. Writing in the formula I. 
(a, h g de, y, “=, 1, 0? 


"m 56 x 
a 7. 0 
we have 
, PECA HIS Bey We), 
(a^, 2 z) = 5 
4 Klay, B, F 
gU. £il -¢ 
and thence 
K (a,.. $m, y, 7) md. AE. o ut 
(a, Yx, y, 20a, y, 2) - Eo my + Eo. 
Assume 


(b m, n) 2 (mn — aC, MP —vE, ME — Nw), 


then from the foregoing values of (4, y’, 2’) 
nz = ny = y {OE = vE) (GE + Fr + 08) — (uf! o) (HE + Bo P) 
= ge E (AE + Ho GE) es (HE + 27 FO + (GE + Fo 00] 


-NE (AE + Hy + Gt) pt (HE + Br! + Fe’) - v (GE + Fai + ct 
51—2 
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that is 

mz =n = Fe (Ay XE, nf. EY - E GL E, fs ES e Dh 
and similarly 


nal id mes XE, v Cm Uo BE, m ODS je ». 


fr (XE, f. P-E As XE s CIS e Dh: 


and thence 
(A, H, Gimz —ny,..) 
-x| (A, Et GUA; NOTIOR BELLES 
- (A, H, OYE, v, t) (As XE, n. EDS m 9| 


with the like equations, writing H, B, F and G, F, C in the place of A, H, G 


successively: and we then have 


(A,.. mz —ny’,..) 
=gh (A BR, m lm ms) (As HES fs E 

- (Ay. XE, vf, me — ry.) An ES nf TS s E 
But the foregoing values of mz’ — ny’, na’ — lz’, l/ — ma! give also 
(A,.. QA, m, vým —ny’,..) 

- i [s Ds m GE, f. SPRL, 9s s VIE, f. SOT, 

(4... XE, n. Em — ny, 
= dc [A Ds s PEE vf C LES n OY = ES vf EPA, Da WILE M ç)}=0; 
so that 
(A,.. mz — ny’, ET 


- d. GL. AE, v. CY Ge Ds m y (AL MES m. EP-A- 39s js AE, m OTI 


= 2 AXES qi EY a. dom! Bg s 
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Similarly, 
(A,.. mz! —ny',. yz — yz,..) 
l / / / / 
-L | (4, D, m viz —y'z,..).(A,. XE, m y 
—(4,.. UE, m, A E —y,..).(A, .. XE, m, OFA, n, 2 ; 
But 
(4,.. X, p, vliyz —y2,..) 
= (Ad + Hp Gv) (yZ — yz) 
T (Hd + By + Fv) (za! — zz) 
t (8X + Fu + Cv) (ay — a y), 
= aly (GX - Fu + Cv) - Zz (HX - Bu + Fv)] 
ty [z (AX - Hy 4- Gv) — (G + Fu + Cv)] 
+ 2 [x (HX + Bu + Fv) — y (AX + Hy + Gv)], 
which, substituting for a’, y’, 2’ their values 


, / 7: 1 A, H; G ji ie Y 
(a, v. TES - s 7) x 


gi x o0 


becomes 
Sgi «[BC -P ) (on - ut’) + (FG - 0H) O4 - v) + (HEF — BG) (uf — >) 
+y (FG — CH) (vn! — wo’)+(CA — G* ) (Ao — v£) + (GH — AF) (pE —owy)] 


+2 (EF — BG)(v' — ut’) + (GH — AF) (at —£) - (AB — BP) (a£ — ll 


Which is 
—(a,..a, y, zvn —po’,..); 


and by merely writing (£, 7’, £^) in the place of (A, m, v), we have 


(A, .. VE, v, E dye — y 2, ..) 20; 
so that we find 


(4, . {mz — ny, .. yz — y'a, ..) 


ETÀ 9, Cy .(a,.. o, y, züvn — po’, NE —vE', wE— rz’). 
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406 
Now, writing the formula I. in the form 
(a,..Xjm, y, 2 = Quotient by K (a,.. Xe, y', ZY of ) 
(x [(2,..32, y, sha’, y^, NE 
+ Quotient by K(A,..(mz — ny',.. of 
K: ([(AÀ, ..Yme’ — ny,..Xyz"—y5.)P-| v, y. z |K (a,.. Ñx, y, 2». 
a, y, z 


P "m 0 


the right-hand side is 
= Quotient by (A,.. YE, 7’, £y of } 
K (&a+ ny + zy 
+ Quotient by (a,.. Yun’ — pë, :. P (4. YE, m, CY of 
{[(a, .. vn! — a£, . Xo y, 2). Co AE, m, OPP IPCA,. AE, v, £y), 


where 
HK, y, x1, 
5; DUE à 
i, m n 
or, what is the same thing, 
de 14i = & y z 
Kw, Ky, Kz AE + Hw + GC, HE + By + FC, GE + Fy + Ce’ 
E fos f vy — pe, Ab,-vES 0, BE My. 


More simply, the right-hand side is 
= Quotient by (4,.. UE, n’, £y of ) 
K (£c ny + Ce) 
+ Quotient by (a,..{vn' — ut, .. of 
{[(@,.. Yun’ — n^, .. X y, 2 - CA... VE, v, OP + TY}; 
or restoring the left-hand side, and resolving into its linear factors the function in 
{ }, we have 
(a,.. do, y, 2% = Quotient by (4,..4 £, 7’, £y of ) 
[ K (Got n'y + 62) 
H. M Quotient by (a,.. vn — wf’,..)? of Product 
II £V— (4. UE, v, OP (a,..Qvn — u.s y. 2), 
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where II has the value given above, which may also be written 
I= (A,.. QF, v, CY, m, v) (Eat n'y + £2) 
—(A,.. WE, m, OP (Aw + uy + v2). 
20. We deduce at once the inverse or reciprocal formule 


(4, .. dE, n, E= Quotient by (4,..X£, 7’, £y T 


((A,..&, N, POE. ", £n 
+ Quotient by (a,.. vn’ — u£',.. of K into Product 


III. (a,.. Gun’ — M£.,..XnC —w6..) £V — (A,.. GE, Ve ie Mee, ie ae 
GONE 
^, p, v 


where the Product part may also be written 


Product E (4,. 0E, v, COA; n, v).(4,..8£, vq, ODE m 


1 7 , 14 
- gs ve, N, cy nA PA. p, v ÝE, Up £) 
Fy —-(A,..0£, 7, By E, N, E | 
Bip ogy up 
|v, 5, v 
21. And also 
(A,..U& n, £f 2 Quotient by (a,..Ua’, y, zy of } 
gii Cas IT ON te Ay re SR Ie 
K (Ex + ny + £2’) 
IY. + Quotient by K (A,.. ny — mz,..Y of Product 
Ko £ W — K (a,.. 00, y, ZP (A,.. ny —mz,..VE, n, €) 
where 
e E 7 t ? 
ax’ + hy + gz’, ha’ + by’ + fe’, ga + fy’ cz 
ny —mz , ilz —nx , ma! — ly’ 


Which may also be written | 
= (a,.. Nx, y, Z XL m, n) (YE + yn t zE) 
—(a,..Xa, y, £P  . (lE tc mne nt) 
22. The geometrical signification is obvious. The formule I. and II. each of 
them show that the equation 
(0,.. a, y, 2» —-0 
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of the conie may be written in the form 
1 
y T aM QR = 0, 


where Q=0, E —0 are any two tangents of the conic, and W=0 is the line joining 
the points of contact, or chord of contact corresponding to the two tangents; viz, in 
the formula I. we have 


W =(a,..Ga, y, zo, y, 2), 


Bh m (As. ime - ny, Age! fas) + V= K (a, say ho, c9, | 4 


EU ES 
i, m.m 

(or for a different form of Q, R see the formula) The quantities (a’, y’, 2’) are the 

coordinates of the point of intersection of the two tangents, or pole of the chord of 


contact: (l, m, n) are supernumerary arbitrary quantities, the values whereof do not 
affect the result(') And in the formula II. we have 


W =Fa+n'y Ts, 


R 


(for the value of II see the formula) The quantities (£, y, 0) are the line- 
coordinates of the chord of contact (viz. the point-equation of this line is &a+7'y+ £20); 
(A, p, v) are supernumerary arbitrary quantities. 


» =T+v —(A,..Q&, wm, Cy (a,..Qvn’ — uý’, .. Ua, y, 2), 


23. In the like manner the formule III. and IV. each of them show that the 


line-equation 
(A,..9& n, £y =0 


of the conic may be written in the form 
1 
W+ 45; QR — 0, 


where Q=0, R=0 are any two ineunts of the conic, and W=0 is the point of 
intersection of the corresponding tangents; viz. in the formula III. we have 


W = (4; ies 7, «t 12 N, E) 
WM Zug WOE, qr PT E, oot p 
RU a, ...vn — UE.) EN —(A,.. 8 8, v, ) 07, 
Eq. e 
X, wv 
(for another form of Q, R see the formula). 
! In a different point of view, viz. if we consider the formula I. as a transformation of the function 


(a, ...Kx, y, 2) then (z', y’, z’) and (l m, n) would be each of them supernumerary arbitrary quantities : 
and so in the other like cases. 
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The quantities £, 7’, £' are the line-coordinates of the line through the two 
ineunts, or chord of contact; (A, p, v) are supernumerary arbitrary quantities; and so 
in the formula IV. we have 


W =HE+yn+ 7€ 


H = KO+V-K(a,..§a, y, ZP(A,.. ny —mz,.. XE, n, €) 


(for the value of ® see the formula), where 2’, y, z' are the point-coordinates of the 
intersection of tangents at the two ineunts, or pole of the chord of contact; (J, m, m) 
are supernumerary arbitrary quantities. 


24. We may, instead of the supernumerary arbitrary quantities (J, m, n) of the 
formula I., introduce the quantities (A, u, v), where 


ni, n)= 1 4. dH. GON d. v) 
IB. S 
DEP am. 
This gives 
(A, H, Giümz —ny’,..) 
= A (mz — ny )+ H (na! — lz’) + G (ly — mz’) 
=a’ (Hn— Gm) + y (Gl — An) + z (Am — HI) 
-qe DH (GA + Fu + Ov) - G (HA+ Bu + Fy) 
t y [G (AX + Hy + Gv)— A (GX + Fu + Cv)] 
+2 [A (H+ Bp + F») - H (HX + Bp + Fv)] 
= 0 a (gn ho) + (fa — by) + 2 (eu — fo) 
= p (ga + fy + cz) — » (ha! + by’ + fe); 
we have thus the system 
(A, H, Gimz — ny/,..) = (ge! + fif + ez) —v (ha! + by’ + fe), 
(H, B, Fýmz — ny',..) =v (aa + hy + gz’) — X (ga? + fy’ + cz’), 
(G, F, Ofm? —ny,..) 2 X (ha! + by’ + fe’) — u (aa! + hy + gz’), 
and thence 


tA, . mz ny’, YZ —y'z,..) 


=f y yr  , re  , y ay ; 
ax + hy t gz, ha +by t fZ, ga + fy + oez 
AÀ à H , v 


or observing that the term in X is 


— (za! — za) (ga + fy! + ez) + (ey — ay) (ha? + by’ + fz’), 
© IV. 59 
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= a(x (ax + hy t gz) - y (ho - fy - f2) +7 (ga! ^ fy + cz’)) 
— c.a (aa + hy + gz’) 
—y.a (hæ + by + fz’) 
—z.a' (ga +fy +z’) 
=—-a'(a,..§a, y, zie, y, 7)+a(a,..Ua’, y, zy, 
with similar expressions for the terms in p, v, we have 
(A4, . . mz —ny,.. yz —y2,..) 
=— (a + uy c vz). (a, Tm, y, Nx, y. 2) Que uy d vz).(a,.. Au, y, zy; 
and so also 
(A, .. mz! — ny.. 
= — (ra! + uf + vz).(a,.. Ul, m, nda, y, Z) QE + um + yn). (a, .. m, y, zy, 


where 
(a, .. Yl, m, nXa’, y', 2’) =a’ + uy + v2’, 


M+ um + vn = 7 (AT, p, vy, 
so that 
(4, . xime ny, ..! — — Qa! + py! n'y ge (A. Ts oy v. (0, Ka, o's 2). 


Moreover, 


uS [Moe Hace Gr) ys'—y'2)+ (Et But Fry a! 2) (9-8 Face O9 (oy 2) 


a; y, 8 
b. MS Y 
which is 

= F(A, p, vUyz —32,..); 


and hence instead of the formula I. we have 
(a,..Qa, y, z? 2 Quotient by (a,..Qa’, y, 7Y of } 


[(o, .. Xo, y, zm, y, 2’)? 
+ Quotient by (4, .. VÀ, u,v)? (a, . Yx, y, z P — K (Qu + wy’ + ve’? of K into Product 


E (bis) (ra! + py’ + ve’). (a, . Ña, y; za, y^ Z)— (Qv + py + vz). (a, .. Yo’, y, gy) 


+V KA y, zF (s Qo my vla =y) 


LES 


25. If, in like manner, in the formula II. we introduce, instead of (A, p, v), the 
new quantities (l, m, n), where 


(A, p, )-2(a, h, g Ql, m, n), 
h, b, f 
go» fi 
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or, what is the same thing, 
(l, m, n=z A, H, G YA, H, v), 
UH Bv B 
Gg, EK «e 


then we have 

(a, h, gl y — n£,..) 2 n (HE + By + FP) -mQGE + Fr’ + Ct), 
(h, b, frn — n£,..) 2l (GE + Py - CC) —n (AE + Ho + GC), 
(9, Jf, c Vm — M£,..) =m (AE + Hw + GE) —0 (HE + By + FE’); 


and thence 
(a, . vn — pë’, .. Am, y, 2)— a ; y - zZ 
AE + Ho + Gt, HE + By + Fe, GE + Fn’ + Ce 
l , m , n 


= (4,..{mz=-ny,.. YE, v, E) 
(a, . Xv — a£. = » fa, WA, p, v (4, WE, n, C - IU, 3D m UE, v, on 
— (a, .. XL, m, ny. (4,.. SE, v P= KUE tmy tbs 
a , y ; z 
AE + Hw +G, HE c By - FC, GE + Fy + CY’ 
»y-—pnb , Nj evE nU p£ — da! 
= (vn! — po’). y (GE + Fr’ + C0’) —2 (HE + Br’ + FC) 
(AC —v£').z (AE + Hn’ + GU) — a (GE + Fr’ + 00) 
(PẸ — An’). (HE + Br’ + FP) - y (AE * Hy + GU) 
= A{(Eat+n'yt 02) (AE + Hw + GE) -«(A,.. GE, v, OF} 
p (Eo m'y Ez) (HE + Br’ + FS’)—y(A,.. E, v, £y] 
+v (Ev oy + £2) (GE -Fy' -CU)—2(A,.. VE, 0’, Cy] 
=(E'æ + n'y + £2). (A... Xs p, vUE, v, C) Qao ug t v2). (A,.. WE, v, £y 
= K(l£ + mr’ + nb’). (Ev oy t £2) — (a,.. Yl, m, nýa, y, 2). (4,.. SE, v EY; 
and the formula II. thus becomes 
(a,..Qa, y, zP = Quotient by (4,.. UF, 1, £y of ) 
K (Ea + nyt Uzy 
+ Quotient by (a, .. Yl, m, n).(A,.. XE, n, E — K(lE’ + mr’ + nf’ of Product 
b (lE + mn’ + nb’). (Ea + oy + £2) — (a, .. Xl, m, nýa, y, 2). (4,. E, m, T 
(t y — (A,..Q&, v, €» (A,. mz — ny,.. YE, v, €). 


ya 


IL (bis) 


52—2 
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26. And from these we at once deduce the inverse or reciprocal formule 


(A, E, 7, CY 2 Quotient by (A. UE, n’, £y of ) 


| [((4,..3& v, SRE v, £r 
+ Quotient by (a, . . Xl, m, n}. (A,. EE m", E — K(UE + mm! +28’) of K into Product 


III. (bis) 
(E + mn +n’) (A,.. GE, n, SWE, m, 6) — (LE + mn + nb). (A, AE, v, E 
ET GE, T. EY (XL m, iat- nt | 
27. And 
(A4,..X£ n, £y = Quotient by (a,.. Qa’, y, Z} of } 
K (v E yn 4 zty 
AC + Quotient by (4, . YA, u, vy . (a, .. Ua, y^, JP — K Qu + wy’ + v2’? of Product 
| pana es vz). (@E+ yn + Z£) —(A,. XE, n, CEL, m, n). (a, .. i^, y, a 
1 (t V — K (a,.. ġa, y, zy (a,.. a", y, ZA ut — vm,..), | 


These four formule have the same geometrical significations with the original four 
formule to which they correspond respectively. 


28. The eight formule become all of them the same or very similar for the quadric 
form (a,..a, y, 2}=a +y +e, which of course implies (4,. E m D'- Et mE 
Thus selecting any one of them at pleasure, e.g. the formula II. (bis), this becomes 


(a? + y? + 2) (E? + 9? + £*) — (Ea + n'y + Ey) 
x (P + m? +n’) (E? + 5? + £*) — (LE + my!’ + neY) 
= {(E’ + ma + nf’) (a! + mr’ + nf’) — (lo + my + nz) (E? + 9? + £9)? 
TP + 92+ 6%) | & 9, 0 1% 
T, y 3 4 


L. WEG 


where the terms independent of £?--5?.- f destroy each other. Omitting these terms, 
and dividing by E° + n° + ¢”, the resulting equation is found to be 


bn be E se PX Fe ag REA. Cl tea SIS 
€, Y, Z mE + y +20', a4 yt 2 al+ym+ an 
lU, m, n lE +m +n, de my +n, P+ m+ mw, 


which is a well-known identical equation. 
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Article Nos. 29 to 33, ~elating to a single conic in connexion with an ineunt or a tangent 
of a conic of double contact. 


29. The formule assume a very simple form when the point of intersection of 
the two tangents, or the line of junction of the two imeunts of the conic, is an 
ineunt or a tangent of a conic having double contact with the first-mentioned conic. 
Thus, if to the conic 


(2,.. 0e, y, 2f =0 
tangents are drawn from a point (z', y’, 2) of the conic 


(a,..Qa, y, Z+ (Ea o m'y + Cz) — 0, 
then we have 


(a,. fio, y, gy =- (Fa E my EZ; 


and using the form I. (bis) and putting therein (£', 7’, f£ in the place of the 
arbitrary quantities (X, m, v), the equation of the tangent divides out by £'z'-sw + £2’, 
and omitting this factor it becomes 


(a, YL, y, “Ya, y, 2) + (Ev wy + 82) (Eutn'yt tz) 


+ aap (Ar BE n, E yz — yz, zw — zw, ay —a y) — 0, 
which is of the form 
(a, B, y Ñx, y, zo, y, 2)=0, 
a, Bu A 
a", Boy 
where the matrix 
(a, 8, y )is= 
A a 
"Ug yr 
a£ eei E TE (GE + Fr +08), ge EE -FHE + Bie FU) 
+ Ba’ — (GE + Fr! +08), ben Fn C (AR + Hn GU) 


je JE + By’ + FE’), f evt — Jr (Ag+ Hy’ + GU, ec E 


30. But instead of further developing these formule, I prefer to consider the 
formule which give the points of contact of the tangents in question, viz. the ineunts 
of the conic (a,..{a, y, 2)=0, or the tangents through the point (a’, y’, 2) of the 
conic (a, . Xo, y, 2} t (Ea m'y + Uy =O. 
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We have as before 


(a, Xia, y, P= — (F2 + aly EZ, 


and using the formula IV. (bis) and writing therein (£', 7’, 5b in the place of the 
arbitrary quantities (à, m, v) the equation contains the factor £'a/-F»'y c t7, and 
dividing by this factor, and by K, the line-equation of the ineunt is 


VERYn ZUGE E 1 e ZU) (4, XE, m. SUE m ©) 
yp Au^, y, Yng -05..)-0. 
Selecting the positive sign, the coordinates of the corresponding ineunt are 
a + get yv + ZE)(AE + Hn! + GE) e f (ga! + fy’ + c2) — € (af + by’ f 
V gp GE + yn! + IO CIE + Br! + FO) SE (aa! + gl) - E (ge ff er), 


J+ (te + yn +20) (GE + Pr! OU) 7 E + by +f) of az + ey ga) s 


and taking (X, Y, Z) for the coordinates of the ineunt in question, and putting for 
shortness 


pi Me d Boal / ET xt 3 PEA d 
a=l VR (gn ht P Bg yg Un bf ) 


- Fa on’ -AE 


R 
I 


(= -OE -g8), B =l- gE- Y= - Fee d). 


2 
| 


HH 1 , + 7 1 / HH A / 
d= (fan), B= — FA (0E — hn’), =l- fF - 9") 


we may write 


(l+P)X=(2-a )a@ — By- y 245 (AE Es! GU (Ed vy + E2), 
(1+P)VY= ~d x +(2-B)y- y did gy HE + By + Fo) (Ev +y tz), 
(Lt P)Z= da -R yf 4 oY)r + (GE + Pol + 00) (E fy + Ee), 


where P, which is arbitrary, may be put 


= F(A, KE, v. CY 
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31. These equations then give 
w, y,27)-(a. R, Y ra Y, 4), 


, 


a ? 

als pg", y 
which can be verified without difficulty by reversing the process; and we have thus 
the coordinates (X, Y, Z) in terms of (4, y, z), and reciprocally. 


32. If (X,, Y, Z) are the coordinates of.the other ineunt, we have, it is clear, 
(4, y, 2)-(2-a, -B, rea / UX, Kas Z); 

vid a E 2— B’ , bey y 

— aen t. B*, 9 L4 y” 


or substituting for (z', y’, 2’) their values in terms of (X, Y, Z), 


(2X,2Y,22)-(«, 8, y GX-X, YY, ZZ) 
a’, B, y 
a”, B”, y” 


so that (X +X, Y+Y,, Z+Z) are the same linear functions of 2X,, 2Y,, 2Z, that 
(X, Y, Z) are of (z', y', 7); that is, we have 


PQ-P)QX)-Q-a)X— B Y, y Z*g(AE Hi GU) Ew ey +E), 
L(+P\(X+X)= -« X4Q-8)Y,- Y Lig eB + PE) Ew way +82), 
L(+P)(X+X)= -«4 X- B" Y, +-+ y (GE & Fi +06) (Fu e + £2), 


which equations may be written 
(1+ P)(X, Y, Z)=(a, b, c YX, Y, Z) 


a’ : b’ : c 


where the values of the coefficients are 


2 
E — ne Fd 1 3 n*. tet els 2 , , 2 Ü 1 , D 
Vg ON Wt (4E -By -2EY -0E — (f-t N dÉ Hy + Ge), = (or -ft o RUP + Hn! + Gp) 
A L Uu + + , 19 tet ry 2 + + , + U t 
-t= sent (HE Bw + FQ) (dy - fl +3, Bre Spr P UR ae eS T (HE Dy FU) 


— + , 2 + + , J, r + r + , 1 m m UN; io 
qo ~ ay) +8 (GE +E + Of) i -Ft - n) Ea (GE Ey + Op) (ac UR -g+ (CX? Ad? 2H a - BN?) | 
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and considering (X, Y, Z) and (X, Y, Z) as quantities connected by the foregoing 
linear relations, we have identically 


(a,..0X, Y, Zy — (a,.. 4X, Y, ZY: 


The investigation leads thus to the automorphic transformation of the quadrie function, 
a transformation first effected by M. Hermite(!. 


33. It is to be remarked that the foregoing formule show that (2’, y’, 2’) being 
the coordinates of a point on the conie (a,..{a, y, Z} + (Ex - »'y + Cz) — 0, from which 
point tangents are drawn to the conic (a,..Xz, y, z) — 0, then the coordinates (4^, y’, 2’) 
enter linearly into the equations of the tangents, the ineunts (or points of contact), 
and the polar. And it may be added that the equation of the conic enveloped by 
the polar (that is, the polar conie of (a,.. fæ, y, 2?+(&«e+7'y+¢z)=0) has for its 
equation 

(K  (4,.3EE, 1, EY] (us. ios y, zy) — K (Eat y+ Cy —0, 
and that the coordinates of the point of contact of the polar with this conic are 


I 
a! + 55 (AE Hy + GE) Ea’ + my + Ez), 
/, 1 7 / L4 y. COS. hg f 
y + q (HE + By + FS’) (Ff + oy + 02), 
/ i u / , Jo rs. TA 
Z + g (GE + Py + CU) (PF + oy * £2); 
so that (z, y’, 2’) also enter linearly into the expressions for the coordinates of the 
last-mentioned point. 


Article Nos. 34 to 37, relating to two conics. 
34. Considering now the two conics 
U =(a, b,c, f, g, ho, y, 2» —0, 
UNA Dl fug Mas Y 2520; 
suppose that the conic 
0U+0U' = (0a 4- 0'a,.. Ya, y, z¥=0 
represents a pair of lines. 
The condition for this is 
Disct. (a+ 0'2/,.. v, y, 25 — 0, 
(A, 38, C DY, oF —0, 
a= K, 
B = Aa’ + Bb + Cc + 2Ff’+ 20g + 2HW, 


G = A'a + Bb + C'c - 2F/f + 2G'g + 2Hh, 
D = Kk’ 


which is 


where 


! See my “Memoir on the Automorphie Transformation of a Bipartite Quadrie Function,” Phil, Trans. 
vol. cxrvirr. (1858), pp. 39—46, [153]. 
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(the significations of K’, A’, B’, C", F, G', H' being of course analogous to those of 
K, A, B, C, F, G, H). The three roots 6 : & correspond, it is clear, to the three 
pairs of lines which can be drawn through the intersections of the two conics. 


35. The equation 
Disct. (2, 38, €, DYO, 05 —0, 


which is of the fourth order in A, B, ©, Ð, and of the sixth order as regards 
(a, b, c, f, g, h) and (a, b’, c', f", g', M) respectively, is the condition in order that the 
two conics may touch each other. Assuming that it is satisfied, the cubic equation 
in 6: & has a pair of equal roots; or say there is a twofold root and a onefold 
root; the twofold root gives the pair of lines drawn from the point of contact to 
the other two points of intersection, the onefold root gives the pair made up of the 
common tangent and the line joining the other two points of intersection. 


36. In particular, suppose that the two conics are 


2 (pz -- oy -- rz) (pt - oy - T2) — 0, 
2 (Xx + uy +z) (N'e + uy 4 »2) 20; 
so that 
(a,b,c, f,9,h )= (2pp', 200’, 2rr, aT +0'r, tp’ - 'p, po FPT) 
@’,U,¢,f',9,h' )= (2XN, 2uu, 2vv', po’ + uv, VM +r, Ap’ +N pe), 
(A, B, C, F, G, H)=—(er —o't, Tp -— Tp, po’ —p'a y, 
(A', BY €", F, Œ, H)- —-(uv — uv, vr’ —vX, AW- NUY; 


and thence also 


"M ks: dE 
B —4g-r&ce.—-—2|X, p, v Ae dü.. 2.13 
Bs piii B 4. T 
^ PRU PE a DE cee 7 
G6 —4'aü4&ce.—2—2|p, o, 7T ato. qus 
Ny; oV REM LER 
N^ Gs cy, NS. dut 
DES = 0; 
and the equation in (0, 0^) is 
$80 -- CH’ =0; 


hence writing 0 — G, 0'— —$8, the equation of the pair of lines is 


P.c,T | | p^ o^, T | (pz--ay--rz)(pa--o'y--T2)—| V, pv | |N, p v | Quer ug v2) QC uy v 2)—0 


A, u,v XA,M,v p»ov0»T PAER 
ARETAN wv Nip, EPS o^, T 
eT. 53 


www.rcin.org.pl 


418 ON THE ANALYTICAL THEORY OF THE CONIC. (276 


and it is easy to see that the left-hand side does in fact break up into factors, and 
that the equation is 


e e s z a à 3393 z =0, 
uT —vo', vp —Xr, Xo — wp’ pT —vo , vp —AT, Ac — pp 
di ae TU, aA Ves pv’, pu ue o^ — TW, Pg ev, pw ule" 


which of course might have been obtained at once by means of the four points which 
are the intersection of each component line of the first conic by each component line 
of the second conic. 


37. Suppose that the first conic is 
(a, b, c, f, g, hie, y, zy —0, 
while the second conic is the pair of lines 
| 2 (uz + py + vz) (Nat uy + v2) 20; 
then, putting as before, 
(0a 4- 0' . 2XX^,.. Ya, y, zy —0, 


(A, B, G, DYO, #) — 0, 


we have 


where 


0 es E 
B= 2(A, B, C, F, G, AYA, pw, VON, w, v), 
— — (a, b, c, f, 9, hpv — wv, vN —vX, Xy —XN py, 

$2 0; 

and the equation in (0, 0^) is 
K0*-2(A,.. 9X, nu, vor, w, v) 00' —(a,.. X uv — uv,..P 0? — 0, 
which may be written 
{KO --(A,.. YA, p, vor’, w, v) OP = ([CA,. 0a, p, VON, w, VP+ K(a,.. Vv — wv, ..]0^, 
= 0: 6X, p, »)hCA TL OX ey w £^, 


KO — [4 VL, D m v? (A. X, Be VY (Aye TEs i VÄN, wl, YS 
we may assume 
6 — & WA, AXI, m vy (A, DV, W, P(A, Ds u, V, wv), OK, 
so that the conic 


(£ V(A,.. 39, m, v? V(A,.. XX, w, VP —(A,..Y0s pu, VON, w^, v)) (a, ... Ya, y, 2) 
+2K (Xo + py + vz) (Vo + uy 4 v2) 20 


that is 


breaks up into a pair of lines. 
Putting for shortness 


t V(A,..%A, m, v? V(A,.. XX, w, vy —(A,..0X, p, VE, p, v)20 


WWW.rcin.org.pl 


276 | ON THE ANALYTICAL THEORY OF THE CONIC. 419 


the coefficients on the left-hand side of the equation are 


(Qa 4- 9KXX,.. Of + K (uv + p’v),..), 


whence, after all reductions, the inverse function is 


(4L. E, by VEE, m. €) V CA AN, W, VFF (A. AN, w’, VE, OVA, DR, s VÝ}, 


and the remainder of the process of decomposition is effected without difficulty. 


ADDITION, 18 December, 1862. 


The formule II. and II. (bis) each of them give the tangents of the conic 
(a,...Qa, y, z?=0 at the ineunts of intersection with the line £'z--5y--£2-0. A 
very elegant formula for these ineunts themselves was communicated to me by 
Mr Spottiswoode, and I have since found that the same or an equivalent formule is 
made use of by M. Aronhold in his recent valuable memoir, “Ueber eine neue 
algebraische Behandlungsweise der Integrale irrationaler Differentiale, &c.," Crelle, t. LXII. 
pp. 95—145 (1862) The formula is as follows, viz. for the conic and line, 


(a, 5, e, f,.9, hQa, y, 2 — 0, 
Es + n'y +=, 


then 
a y Z= 
/ , / 1 dó " " a 
(LE + mm MUS, gg +1 (gi +fm on) - E QU bm + fn) 18, 
E + ma’ EVE d$ p (al + hm -- gn) — E (gl - fm +n) - m V $, 
1 dg y / Ej 
QE + mn’ tm ars qoc b eam 4/9) cei (al +hm 4- gq) - n Vo; 
where 
o= E, x, ¢ |=- (4, B, C, F, G, HYE, v, £y, 
By, a, ^, g 
UE h, b, P 
E. 9; Ío C 


dp dọ . 
so that 1g TE 4 diy gp are respectively 


= —(AE + Hn’ + GE), — (HE + Ba’ + FC), — (GE + Fr’ + Co’), 
and where J, m, n are supernumerary arbitrary quantities. 


08—2 
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